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Assignment 3 - Key

An urn consists of 20 red balls and 30 green balls. We choose 10 balls at
random from the urn. The sampling is done without replacement (repetition not

allowed).

(a) What is the probability that there will be exactly 4 red balls among the

chosen balls?

(b) Given that there are at least 3 red balls among the chosen balls, what is
the probability that there are exactly 4 red balls?

Solution:

a)

Therefore:

P(AN B)
P(B)
P(A)

P(B)

P(B|A) =

iy - 3 D)

50
k=3 (].f.l

(2)(5)

P(B|A) =
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Suppose that ¥ = —2X + 3. If we know EY = 1 and EY? = 9, find EX and
Var(X).

Selution.:

Y =-2X+3
EY = <2FX + 3 linearity of expectation
1=-2EX+3 = EX =1
Var(Y)=4x Var(X) = EY?* = (EY)?=9-1=8

- Var(X)=2

The median of a random variable X is defined as any number m that satisfies both
of the following conditions:

P(X>m)> and P(X <m)>

B2 | =
2| -

Note that the median of X is not necessarily unique. Find the median of X if

(a) The PMF of X is given by

0.4 for k=1

W) 03  fork=2

Px (k) = 0.3 for k=3
] otherwise

(b) X is the result of a rolling of a fair die.
(¢) X ~ Geometric(p), where 0 < p < 1.

Solution: (a) m = 2, since

P(X >2)=06and P(X <2)=07
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(b)

1
P\(l\) = 6 for k = 123,450

—-+3<m<4

Thus, we conclude 3 < m < 4. Any value € [3,4] is a median for X.

Part (c) has been dropped from the assignment. (assigned as bonus points)

Let X be a continuous random variable with PDF

?+2 0<zr<i1
= 3 - —
fx(@) { 0 otherwise

(a) Find E(X™), forn=1,2,3,---.
(b) Find variance of X.

Solution:

(a)
Using LOTUS we have

E[X"] = /_ﬁc z" fx(z)dzx

1 + 2
n+3 3(n+1)
on+9

= . Wheren=1,23,---
3(n+1)(n+3) -
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(b)

We know that

Var(X) = EX? — (EX)*.

So we need to find the values of EX and EX?

.
E[X] = 5
. 1
ExY =2
15

Thus, we have
(
mej=EX%4EXF=13—03F=&%w.
45 12

Let X be a continuous random variable with PDF

2t <<
_J) 32 =& =
Jx (1‘) { 0 otherwise

and let ¥ = X2

(a) Find CDF of Y.
(b) Find PDF of Y.
(¢) Find EY.

Solution:

(a) First, we note that Ry = [0,4]. As usual, we start with the CDF. For y € [0, 4],
we have

Fy(y) = P(Y <y)
= P(X* < y)
= P(0 < X <,/y) since z is not negative
VY &
= / ;:::4(1;1:
0 ‘52
— 1( .)5
=5V
L o
A
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Thus, the CDF of V' is given by

0 for y <0
Fy(y)=1 =’y for0<y<4
1 fory > 4.

(b)
for0<y<4
otherwise

o) = ) = { g7

(c)
To find the EY, we can directly apply LOTUS,

E[Y] = E[X? = | [_ T fx(z)dz

2,5
= / r? . —ztdr
0 32

’5
= — 2%z
0 32
RN )
27 7

A company makes a certain device. We are interested in the lifetime of the device.
It is estimated that around 2% of the devices are defected from the start so they
have a lifetime of 0 years. If a device is not defected, then the lifetime of the device
is exponentially distributed with parameter A = 2 vears. Let X be the lifetime of a
randomly chosen device:

(a) Find the generalized PDF of X.

(b) Find P(X = 1).

(c¢) Find P(X > 2|X = 1).

(d) Find EX and Var(X).

Solution:
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(a)
2 . .
fx(z) = 100 d(x) mufz(:r) where fz(z) is the ~ Ezponential(\ = 2) PDF
Thus:
f(e) = 250(2) + 55 -2 u(a)
50 50070
e B
= r(}J( ) + o " u(x)
(b)
o0 19
P(X>1)= / fx(x)dx = 50 [ fz(x)dx = 50°
J1
()
P(X>2and X >1) P(X >2)
= = —
P(X >2/X > 1) XS 1) ST
49 —2x2
_ 50¢ — o2
%E—Qxl
(d)
1 49 ,
EX = 0 0+ = EY  where Y ~ Exponential(\ = 2)
J )
DL 0.49
S50 20 T

Var(X) = EX2 — (EX)? = EX? — (0.49)?
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. 1 49
EX?= — .0+ —- -EY?
50 al)
49 1 1
olet ﬁ} where A = 2
49(1 N 1} 149
5004 47 2 50
Thus:
1 49

Var(X) = (5 - =) -

20

Assignment 3 -

(0.49)* = 0.2499

Key -

Page 7|7



